Abstract-The ankle contributes the majority of mechanical power during walking and is a frequently studied joint in biomechanics. Specifically, researchers have extensively investigated the torque-angle relationship for the ankle during dynamic tasks, such as walking and running. The slope of this relationship has been termed the "quasi-stiffness." However, over time, researchers have begun to interchange the concepts of quasi-stiffness and stiffness. This is an especially important distinction as researchers currently begin to investigate the appropriate control systems for recently developed powered prosthetic legs. The quasi-stiffness and stiffness are distinct concepts in the context of powered joints, and are equivalent in the context of passive joints. The purpose of this paper is to demonstrate the difference between the stiffness and quasistiffness using a simple impedance-controlled inverted pendulum model and a more sophisticated biped walking model, each with the ability to modify the trajectory of an impedance controller's equilibrium angle position. In both cases, stiffness values are specified by the controller and the quasi-stiffness are shown during a single step. Both models have widely varying quasi-stiffness but each have a single stiffness value. Therefore, from this simple modeling approach, the differences and similarities between these two concepts are elucidated.
design, and biologically inspired robotics [1] [2] [3] [4] . This relationship is particularly important at the ankle, which contributes the majority of mechanical power during walking [5] . Loss of this joint significantly impairs gait attributes, resulting in 11-40% slower self-selected walking speeds and increases in metabolic expenditures of 10-60% during walking [6] [7] [8] . These deficits are especially relevant as 130 000 lower limb amputations occur annually [9] , and injuries from overseas conflicts have further increased these numbers. Although powered ankle prostheses have recently been developed [4] , [10] , appropriate biomimetic mechanical properties are unknown. Additionally, inconsistencies in terminology must be resolved in order to prevent misconceptions regarding the true mechanical properties of the ankle and to promote the development of biomimetic control systems for powered ankle prostheses.
The ankle torque-angle relationship has typically been studied during performance of a specific task such as walking or running. In these cases, the derivative of the torque-angle relationship with respect to angle is known as the quasi-stiffness. The distinction between quasi-stiffness and stiffness was discussed by Latash and Zatsiorsky [3] , wherein the authors stressed the important energy-storing nature of stiffness and discussed physiological joint structures and their contribution to mechanical properties. The joint stiffness can be defined as the position-dependent component that stores (and releases) energy.
Hansen et al. published ankle torque-angle relationships for various walking speeds, noting that quasi-stiffness characteristics of the human ankle appear to change as walking speed increases. Interestingly, the torque-angle relationship was approximately linear for the majority of stance phase at normal walking speeds. This suggested that the appropriate ankle quasistiffness could be obtained by using a single passive spring element that could serve as the benchmark for passive ankle prosthesis design. Subsequently, quasi-stiffness has been investigated with respect to walking while bearing loads [11] and as a postsurgical research metric [12] .
However, the quasi-stiffness of human gait must be interpreted carefully. Studies on human hopping and running have investigated the spring stiffness required to replicate modeled movements and determined that ankle stiffness is a major contributor to overall leg stiffness during human hopping [13] . Furthermore, Davis and DeLuca [18] analyzed "dynamic ankle stiffness" during walking by investigating the quasi-stiffness in healthy subjects and in subjects with cerebral palsy. However, since the ankle and knee are capable of doing positive work, quasi-stiffness is a description of the dynamic task in the 0018-9294/$31.00 © 2012 IEEE torque-angle domain, rather than a representation of stiffness or impedance. Hence, a shift in the terminology may be required as research expands into the development of biomimetic prosthesis control systems.
Currently, the concepts of quasi-stiffness and stiffness are used interchangeably [13] [14] [15] [16] [17] [18] . However, quasi-stiffness and stiffness are distinct concepts, except when the joint is constrained to be passive. It is important to delineate this distinction because powered ankle prostheses actively change their rendered stiffness and equilibrium positions, providing an endless combination of stiffness and quasi-stiffness values that alter how the device interacts with its user. Before we can achieve biomimetic control of these devices, we must thoroughly understand ankle quasi-stiffness and stiffness, and their relation to each other. Additionally, this understanding may elucidate properties of ankle spasticity-i.e., the altered joint mechanics that result from upper motor neuron syndrome [19] .
In this study, we demonstrate differences between ankle quasi-stiffness and stiffness using two computational models with force information that could be obtained in a standard laboratory setting. Initially, we consider a simulated inverted pendulum with an impedance-controlled motor at the base. The impedance controller's equilibrium position trajectory is varied in order to demonstrate the sensitivity of quasi-stiffness to this input and the wide range of quasi-stiffness values that can be observed. This model builds on Latash's inverted pendulum illustration [3] by adding a controller "stiffness" term to highlight how stiffness may differ from the quasi-stiffness. We then present a novel computational walking model incorporating an impedance controller at the ankle, which produces a torqueangle relationship similar to that determined in human studies, to demonstrate that the quasi-stiffness is similarly sensitive under dynamic conditions. In this paper, the controller stiffness is a metaphor, since there is no actual energy storage element-it simply represents what would be possible from a stable controller that can add/remove energy.
II. INVERTED PENDULUM MODEL

A. Methods
Human standing and walking are frequently approximated using an inverted pendulum model [20] , [21] . This study incorporates an impedance-controlled, ideal motor at the pendulum base that is capable of adding energy into the system. For our purposes, the motor's impedance will be limited to a constant stiffness with a time-varying equilibrium position. Alternatively, a time-varying stiffness function could have been chosen to simulate behavior that requires addition/subtraction of energy; however, for simplicity, only the equilibrium position was allowed to vary. Thus, the equation of motion governing the pendulum is
where I is the inertia, k a is the stiffness of the impedance controller, θ is the pendulum angle, θ d (t) is the equilibrium position as a function of time, L is the length of the massless rod, and W is the pendulum weight (see Fig. 1 ). The right- hand side of (1) denotes net torque about the base and dictates pendulum dynamics. The reaction torque about the base will be the torque component from the motor; this information was acquired in our simulations and is similar to the force platform information typically acquired in a laboratory setting, yielding forces and center of pressure (COP). The inverted pendulum simulation was constructed in Simulink (The Mathworks, Natick MA). Inputs included the initial conditions for position and velocity and the equilibrium position trajectory; outputs included the reaction torque about the base and the pendulum angle. The simulation lasted 0.5 s and quasi-stiffness values were approximated from the numerical derivative of the torque-angle function. The mass was 80 kg, the length L was 1 m-to approximate able-bodied gait-and the stiffness of the motor's impedance controller was 10 N·m/rad/kg-a value commonly seen in passive prosthetic ankles and greater than the inherent small-angle destabilizing torque caused by gravity.
Three cases were tested: the equilibrium position trajectory was either 1) a constant value; 2) the solution of the differential equation with purely gravitational mechanics (i.e., unperturbed hinge-like rotation); or 3) a sine wave with amplitude of 0.35 rad and a frequency of 0.5 Hz. The constant equilibrium position was 0.17 rad. The initial condition for the pendulum angle was 0.09 rad with an angular velocity of zero.
B. Results
Case 1: The system behaved passively, yielding a quasistiffness that matched the stiffness of the motor's impedance controller [10 N·m/rad/kg, Fig. 2(a) ].
Case 2: The difference between the actual and equilibrium positions was always zero. This resulted in no reaction torque at the base and acceleration of the pendulum due to the net torque of gravity. With zero reaction torque, the derivative of the torque-angle function was zero [see Fig. 2(b) ].
Case 3: The pendulum angle was outpaced by the equilibrium position, creating a negative relationship between the torque and the angle [see Fig. 2(c) ] leading to negative quasi-stiffness values-ranging from −8580 to −140 N·m/rad/kg-which are not physically realizable with a spring. 
III. BIPED MODEL
A. Methods
The planar biped (see Fig. 3 ) has one hip joint and constantcurvature rocker feet connected to ankle joints. We model this biped as a kinematic chain attached to the COP-the point on the plantar sole where the resultant ground reaction force is imparted. The configuration vector of this model is given by q = (x, y, θ s , θ ns ) T , where x and y are the Cartesian coordinates of the ankle center (for simplicity the ankle is located at the heel) with respect to the COP (defined at the origin), and θ s and θ ns are the respective angles of the stance and nonstance/swing legs with respect to vertical.
The biped's dynamics are continuous during single-support phase until the swing foot contacts the ground, which initiates the double-support transition into the next step cycle. We define a function h γ (q) to give the heel height of the swing foot with slope angle γ, so heel strike occurs when h γ (q) = 0. The double-support transition is modeled as an instantaneous impact event with a perfectly plastic (inelastic) collision [22] . The joint trajectory is therefore subjected to the discontinuous impact map Δ (which also switches the values of θ s and θ ns to model the change in stance/swing legs) in the hybrid dynamical system
where ( + ) denotes the postimpact and ( − ) the preimpact state, M is the inertia/mass matrix, C contains the Coriolis/centrifugal terms, G is the vector of gravitational torques, A is the constraint vector corresponding to rocker foot motion, λ is the Lagrange multiplier (producing the forces needed to enforce the foot constraint), and τ is the vector of external torques from muscles/actuators. This dynamical modeling approach is described in more detail in [23] .
1) Rocker Foot Constraint:
We model the rocker foot by constraining the heel point (x, y) to an arc that has radius R f and intersects the COP. The center of rotation P f is defined in a moving reference frame such that the vector between P f and the COP is always normal to the ground with radius COP − P f = R f . This constraint can be given in model coordinates by an equation b(q) = 0 [24] . Following the method of [ 
2) Ankle Control Strategy:
This model has passive walking gaits (τ = 0) down shallow slopes for certain model parameters (where the kinetic energy dissipated at impact equals the potential energy introduced along the decline slope [22] ), but we are interested in how ankle actuation influences the quasistiffness during locomotion. We model actuation only at the ankle by defining vector τ = Bu, where B = [0, 0, 1, 0]
T maps the scalar ankle torque u into the biped's coordinate system. The ankle has a rotary spring damper (with stiffness K p and viscosity K d ) in series with an actuator that can continuously change the spring equilibrium angle θ des s , so the ankle torque is given
We define a desired ankle trajectory from the effective shape of the human anklefoot complex during walking [26] . This shape, which resembles a circular arc (see Fig. 4 ), characterizes how the ankle joint moves as the COP travels from heel to toe during single-support phase.
The effective shape is the trajectory of the COP mapped into a shank-based reference frame (axesx s ,ŷ s in Figs. 3 and 4) . This trajectory has constant curvature with radius R s about the center of rotation P s , which is constant in the shank coordinate frame. We can then model the desired effective shape as a kinematic constraint COP − P s = R s , wherein the COP reference frame P s depends on the ankle angle. The desired kinematic constraint is then automatically satisfied during heel contact (when x = y = 0); the ankle provides zero torque until the foot begins to roll. When x > 0, we can solve the desired kinematic constraint for θ s = f (x, y), where the mapping f from COP location to stance leg angle depends on constants R s and P s . The x-component of the COP evolves monotonically (i.e., nondecreasing) over a steady stance cycle, so in this control strategy the COP serves as a phase variable that drives the progression of ankle kinematics by θ des s = f (x, y). More detail on this control approach can be found in [24] and [27] .
B. Results
We chose the model parameters shown in Table I based on adult (male) means reported by de Leva [28] , grouping the trunk masses at the hip. The rocker foot radius was set to three-tenths of leg length, which is typical of human foot compliance [29] . Since passive gaits typically comprise short steps, we obtained natural step lengths by adopting a larger effective radius of 0.45 m. We chose a stiffness of 6 N·m/rad/kg based on measurements of the human ankle [30] and a viscosity that provides a damping ratio of 0.3 [31] . The center of rotation P s of the effective shape is adopted from [1] .
We simulated this biped in MATLAB (The Mathworks) and found stable walking gaits on a slope of γ = 0.01 rad using the methods described in [24] . Recall that we have defined the stance leg angle with respect to vertical, which is often called the global tibia angle. The more commonly studied ankle angle, defined between the shank and foot (see Fig. 4 ), was obtained from our coordinates by θ ank = 2 sin
) + γ − θ s and used to show the torque-angle relationship in Fig. 5 .
The quasi-stiffness (i.e., the tangential slope) in Fig. 5 (b) only briefly passes through the actual stiffness of 6 N·m/rad/kgmost quasi-stiffness values do not resemble the mechanical stiffness of the ankle. At the beginning of the stance cycle, the quasistiffness is approximately zero, because the actual leg angle is equal to the desired angle after heel strike and the ankle controller does not produce corrective torques. The overall trend in quasi-stiffness values-from zero after ipsilateral heel strike, to positive, to negative, and then to infinity near contralateral heel strike-is consistent with human walking at normal speeds as seen in the torque-angle plots of [1] . The fact that we produced similar regions of quasi-stiffness values-the vast majority not matching the model's mechanical stiffness-demonstrates that human ankle mechanics may also not be well represented by quasi-stiffness measurements.
IV. DISCUSSION
Quasi-stiffness is the derivative of the experimentally determined torque-angle relationship and has been extensively studied over the past several decades. More recently, many authors have begun to use the terms stiffness and quasi-stiffness interchangeably when describing human joint dynamics. To provide clarity, this study demonstrates the difference between stiffness and quasi-stiffness from the perspective of biomechanical modeling. The differences between these concepts may become increasingly important as biomimetic control systems are developed for powered prosthetic ankles. Using a simple impedance-controlled inverted pendulum model, quasi-stiffness values were determined for varying controller equilibrium position trajectories. Three cases were investigated: when the equilibrium position trajectory 1) was held constant at 0.17 rad; 2) was dictated by passive rotation; and 3) followed a 0.35 rad, 0.5 Hz sine wave. These three cases were chosen because they demonstrate the sensitivity of quasistiffness to the specifications of a controller that is capable of doing positive work.
When the controller had a constant equilibrium position trajectory, the movement of the pendulum toward the equilibrium position translated directly into a proportional reaction torque at the base, yielding a quasi-stiffness equal to the controller's stiffness. Thus, the quasi-stiffness is mechanically equivalent to the controller stiffness when the system is behaving with passive dynamics. In this case, the simulated measurements were made during a dynamic movement, not in equilibriumsince the equilibrium angle was invariant, energy was stored in the passive joint and is returned to the model. This scenario demonstrates that the term quasi-stiffness is more appropriate for describing a powered system in terms of the passive dynamics that replicate the specific task, rather than for describing a passive system. That is, when the dynamics are passive, the term "stiffness" already adequately describes the torque-angle relationship, and the modifier "quasi" is unnecessary.
When the equilibrium position trajectory was equivalent to hinge-like rotation, the reaction torque was zero because the angle did not diverge from the equilibrium position trajectory that was governed by gravitational mechanics. This yielded a quasi-stiffness value of zero throughout; however, the stiffness of the impedance-controlled pendulum was 10 N·m/rad/kg. Any interaction with the pendulum would displace it from the equilibrium position trajectory and it would render the controller stiffness.
When the controller's equilibrium position trajectory was altered, we see a dramatic effect; the equilibrium position began at zero and increased to approximately 0.31 rad, while the pendulum angle began at 0.087 rad and tended to approximately 0.090 rad. During the simulation, the pendulum angle approached the equilibrium position; however, the equilibrium position trajectory outpaced the low-pass dynamics of the pendulum. Therefore, the angle increased and the reaction torque became more negative, yielding large magnitude negative quasi-stiffness values. This highlights the ability of the quasi-stiffness measurements to obtain results that are not physically realizable with a mechanical spring or stable controller.
These observations also held true in our bipedal walking model-which is more analogous to human walking. The quasistiffness was zero at the beginning of the stance cycle and larger during late stance, which is consistent with the torqueangle relationship in human walking. This simulated behavior was caused by the time-varying equilibrium trajectory in the impedance controller. The actual ankle angle closely followed the equilibrium angle just after heel strike (resulting in no corrective torque), but tracking error grew as the equilibrium angle increased through the stance cycle (resulting in corrective torques). Therefore, the torque-angle relationship did not reflect the stiffness for the vast majority of the stance cycle.
Just as the quasi-stiffness appropriately influenced the design of passive prosthetic ankles, these simulations motivate the need to determine the stiffness or impedance of the able-bodied ankle during walking for biomimetic powered prosthesis control. That is, to accurately replicate the dynamics of the able-bodied ankle, we must have a thorough understanding of the underlying mechanics during walking. Such a biomimetic control system would likely be more intuitive for the user to wear and respond more appropriately on uneven terrains, where there are substantial unexpected changes to the ankles position. However, to estimate the ankle's impedance without knowledge of the equilibrium angle trajectory in a parametric impedance model, the ankle must be perturbed to identify its dynamics. Perturbations have been used to study ankle stiffness during static tasks, such as sitting [32] or supine lying [33] . Previously, researchers have determined ankle stiffness by applying angular or torque perturbations and analyzing the corresponding torque or position output [31] , [34] [35] [36] [37] . Since these studies focus on ankle stiffness during static tasks, they provide little insight into ankle stiffness during walking or other gait modalities. In order to determine ankle stiffness during the stance phase of walking, we have recently developed a platform robot capable of perturbing the ankle about its center of rotation and measuring the reaction torque [38] . With a thorough understanding of the similarities and differences between stiffness and quasi-stiffness, future work can focus on the estimation of ankle and knee impedance during walking-thereby laying the foundation for biomimetic controller development for powered lower extremity prostheses.
